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CM PERIODS, CM REGULATORS AND HYPERGEOMETRIC 

FUNCTIONS, II 

MASANORI ASAKURA AND NORIYUKI OTSUBO 


Abstract. We study periods and regulators of a certain class of fibrations 
of varieties whose relative has multiplication by a number field. Both are 
written in terms of values of hypergeometric functions 3 F 2 and the former 
reduces to values of the F-function, which provide examples of the conjecture 
of Gross-Deligne. 


1. Introduction 

In a previous paper [^, we proved the Gross-Deligne period conjecture for a 
particular fibration of curves over the projective line. We also proved a formula 
which expresses regulators in terms of hypergeometric functions 3 F 2 . The aim 
of this paper is to prove similar results for more general fibrations. Firstly, the 
dimension of the fiber is arbitrary, but we put assumptions on the relative H^. It 
is assumed to have multiplication by a number field K and the dimension over K 
is two and the monodromy is restricted. Secondly, the number field K need not be 
abelian over Q. This is beyond the scope of the original conjecture of Gross-Deligne 

m- 

Let /: A —>■ be a fibration equipped with A'-multiplication on and 

satisfying our hypotheses (see Sect. 2). For a positive integer /, let be a 
desingularization of the base change of X by the map tt : P^ —>• P^; t 1 —>■ Then, 
our first objective is the de Rham-Hodge structure 

:=i7i(P\j,(7r,Q®RV,Q)), j : P^ \ {0,1, 00 }-A P^ 

with A'[Aut(7r)]-multiplication. One easily sees that is a subquotient of H^{X^^'^) 
and the complementary space can be written explicitly (see HG.ll for the detail) 

Letting Ci : A'[Aut(7r)] —)• AT^ be a projection to a number field, one has a de 
Rham-Hodge structure with A'i-multiplication. Under some assumption on 

the monodromy, one can show dim^^ = 1 and hence we can discuss the period 

of the eigen-component for each y : AT^ ^ C: 

^ Period[(iJ«)>^] • (i7®)A 

If K is abelian over Q, the Gross-Deligne conjecture m states that the period is 
a product of values of the gamma function at rational numbers which reflect the 
Hodge decomposition of H. If H is associated with of an abelian variety with 
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complex multiplication by an abelian field, this is due to Shimura [19) and Anderson 
[I]. The elliptic case is the well-known Lerch-Chowla-Selberg formula [13j . 

Our first main result is to compute the periods of and verify the Gross- 
Deligne conjecture partially. We note that our motive is not necessarily related 
with an abelian variety and K may be non-abelian. 

Our second main result of this paper is a regulator formula (Theorem 14.31) . 
Beilinson’s regulator map is a vast generalization of the classical regulator of units, 
and conjecturally describes a special value of the L-function. Our result describes 
a part of the regulator map 

reg: iJ^(A«,Q( 2 )) ^ iJ|(A«,Q( 2 )) 

from the motivic cohomology to the Deligne cohomology in terms of special values 
of hypergeometric functions 3 ^ 2 - Recall that the classical polylogarithms are spe¬ 
cial case of hypergeometric functions and the regulators of Fermat curves are also 
written in terms of 3 Fj-values [14] . In our previous work [3], we gave such a for¬ 
mula for a libration of curves and proved the non-vanishing of the regulator. This 
amounts to compute the connecting homomorphism induced from the localization 
sequence of mixed Hodge structures (MHS) 

p: ^Ex4Hs(Q>^fR ®Q(2)) 

where Dgs denotes the fibers over pi. Unfortunately our regulator formula does not 
guarantee the non-vanishing of p, though we expect it in general. We note that in 
our previous paper [3] , the non-vanishing of regulator map is verified in the case of 
the hypergeometric fibrations by developing a new technique. 

The precise statements of our main theorems (the period formula and the reg¬ 
ulator formula) shall be given in §4 (Theorems 14.1114.31) . The main ingredients of 
our method are Fuchs equations of the hypergeometric functions and the theory of 
limiting mixed Hodge structures. We apply the theory of Fuchs equations to com¬ 
pute the periods of certain rational relative 1 -forms and describe them in terms of 
hypergeometric functions. Moreover, we use the theory of limiting mixed Hodge 
structures by Schmid to determine certain coefficients of hypergeometric functions, 
and in the proof of the regulator formula, Dixon’s formula on 3 F 2 also plays an 
important role. 

Concerning the period conjecture of Gross-Deligne, a further progress was re¬ 
cently made by J. Fresan and the first author by a completely different method. It 
covers our period formula (Theorem 14.11) . However, it seems impossible to obtain 
the regulator formula by the same method. Indeed we use lots of computational 
results in our proof of the period formula to prove the regulator formula. 

This work is supported by JSPS Grant-in-Aid for Scientific Research, 24540001 
and 25400007. 

Notations Throughout this paper, we fix an embedding Q ^ C. For an algebraic 
variety X defined over Q, we denote := Homgpg^Q(SpecC, A) the associated 
analytic space. We often omit “an” as it is clear from the context what is meant. 
For example we denote H^{X,Q) and H^{X,<Q) the Betti (co)homology of A“”. 
The hypergeometric function pFg is defined by 

fai,...,ap \ ^ nLi(Q’0" 
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where {a)n = nr=i('^+*“l) ^^e Pochhammer symbol. Recall that pFg converges 

at X = 1 if and only if > 0- We write 


/ai,.. .,ap\ ^ nLir(a») 

V/3d---,/ 3J ni=ir(/3,)- 


Then, B{a,P) = T ( “ 4 .^) is the beta function. 


2. De Rham-Hodge Structure with Multiplication and Periods 

2.1. De Rham-Hodge structure. A de Rham-Hodge structure (over Q) is a da¬ 
tum H = {Hd^, Hb, L, F*) consisting of a hnite dimensional vector space over Q 
(resp. Q) i?dR (resp. Hb), a comparison isomorphism t: C^QpTdR — C^qHb and 
a filtration F* on which induces a Q-Hodge structure on Hb via l. A mixed 
de Rham-Hodge structure (over Q) is a datum H = (HdR, iJs, t, F*, HdR,., bPs,,) 
with increasing filtrations WdR,. C H^r, Wb,^ C Hb such that each graded piece 
G^Y F is a de Rham-Hodge structure of weight j. 

Let AT be a Q-algebra. We call a ring homomorphism p : K ^ End(iL) a 
multiplication by K where End denotes the endomorphism ring of the mixed de 
Rham-Hodge structure. For an embedding x : AT ^ Q, we set the eigenspaces as 

H^ ■= {x e Q (8 )q Hb I ga; = xi.9)x,^g € K}, 

^dR '■= U G ^dR I gx = x(ff)x,V 5 G AT}. 

If AT is a semisimple, commutative and finite dimensional Q-algebra, then one has 
the eigen-decompositions Q ®q Hb = 0^ H^, H^r = 0^ ^dR- If AT is a number 
held and dim_R- Hb = I (<t^ dimQ Hb = [K : Q]), then the multiplication p is called 
maximal. In this case H cannot have mixed weights. Since Hb is one-dimensional 
over AT, one has dim^H^ = dim^H^^k = ^ then there is a unique integer 
such that H^ belongs to the Hodge component H^^ . The formal sum T = PxX 

is called the Hodge type of H. 

2.2. Periods of de Rham-Hodge structure. Let H be a de Rham-Hodge struc¬ 
ture with maximal multiplication. For x ^ F ^ Q, there is a nonzero complex 
number Period(H^) such that 

(-(edR) = Period(H^)eB 

where CdR G H^^r (resp. e_B G H^) is a basis. We call it the period of the X“Part 
H^. This is well-dehned up to multiplication by Q^. 

2.3. Variation of de Rham-Hodge structure. Let U he a smooth variety over 
Q. One can dehne a variation of de Rham-Hodge structure Jtf = (HdR, Hb, t, F*,V) 
on f/ in a natural way. A ring homomorphism p : K ^ End(J^) is called a (rela¬ 
tive) multiplication where End denotes the endomorphism ring of the variation of 
de Rham-Hodge structure. 


3. Fibration with Relative Multiplication 
We work over the base field Q. We mean by a fibration a surjective morphism 
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from a smooth projective variety X onto a smooth projective curve C. We mean by 
a (relative) multiplication on a ring homomorphism p : K ^ End(i?*/*Q|£/) 

with U <Z C a, (sufficiently small) non-empty Zariski open set. 


3.1. Setting and notation. We begin with a fibration 

f :X —^ 

equipped with a relative multiplication on ft,Q by a number held K which sat- 
ishes the following conditions. Hereafter we hx a coordinate t S C P^. 

(a) The rank of the multiplication is two, i.e. dim^f = 2. 

(b) / is smooth over P^ \ {0, 1 , oo}. 

(c) The local monodromy T = Ti on Hg{Xt,Q) at t = 1 is maximally unipo- 

tent, i.e. the rank of N := log(r) is ^ dbuQ Q). 

Let Z > 1 be an integer. We then consider the commutative diagram 

x( —^ w 

° I' 

pi ^ > pi 


where 7 r(t) = t^ and i is a desingularization. Put := Aut( 7 r). Note that G^*^ is 
naturally isomorphic to the group of Zth roots of unity pi C Q^. We write by tq 
the automorphism corresponding to ( G pi, namely T^(t) = (t. There is a canonical 
isomorphism 

i 

of Q-algebras where Ki are held extensions of K. Let G itTbe the idempotent 
element corresponding to the projection K[G^''^] —>■ Ki (i.e. ef = et and eiK[G^‘^] = 
K,). 

For k G [h/llj)^ let £k ■ Q[G*'*^] ^ Q C C be a homomorphism of Q-algbra given 
by efc(T(j) = There is a one-to-one correspondence 

HomQ_^lg(iG[GW],Q) ^ {Z/IZ^ x 

£k®X < — {k,x) 


Put 

h := {efc < 8 i X I Efc ® X factors through Ki}. (3.1) 

Let A* denote the punctured disk at p = 0,1 or oo. Let (j) : 7 ri(Ap — 
GL(iJ|j(At,Q)) be the local monodromy representation. Since the monodromy 
action is commutative with the multiplication by K, it induces a two-dimensional 
representation : 7 ri(Ap —>■ GL{Hg{Xt,Q)^) = GL(2, Q) for each y : iX ^ Q 
by the condition (a). Its semisimplihcation (^^)®® induces two homomorphisms 
7 ri(Ap — >• pac C Q^. Under the canonical identihcations 7 ri(Ap = iLi(A*,Z) = 
Z(l), Poo — Q/Z(l) and Hom(Z(l), Q/Z(l)) = Q/Z they give rise to two rational 
numbers modulo integers, which we write by a} and for p = 0 and by /3^ and 
/?2 for p = oo. In other words, and are eigenvalues of Tq (=the local 

monodromy at t = 0 in counter-clockwise direction), and and are 

eigenvalues of Too ■ 
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3.2. Motivic sheaf Put 

:= 7r*Q (g) = 7r*(i?^/i^^Q) 


a variation of de Rham-Hodge structure on \ {0,1, oo} equipped with a multi¬ 
plication by the ring The stalk of is a free i4r[G^^^]-module of rank 2. 

The eigenvalues of Tq (resp. Too) on the (g x-P^rt of are 


exp 27rz 



exp 27ri 



(resp. exp27ri 



exp 27ri 



)• 


Lemma 3.1. Let Tr[G^*^] Ki be a projection and Ci the associated idempotent. 
Let li he as in (EH). Fix an arbitrary Sko ® Xo € /i. Then for any ek®X^Ii there 
is some s € such that 

s (y) = ys (y +/3j“) = y +/3j^ m Q/Z 

where Z^ := lim (Z/nZ)^ = Aut(Q/Z) (by changing the numbering and PJ 
suitably). 

Proof. The Galois group Gal(Q/Q) acts on by (rigid for a G Gal(Q/Q). 

Then letting (./#(*)C Q igQ be the £k g X"Part, one has 

by definition. There is cr G Gal(Q/Q) such that cr o [sk^ g Xo) = £fe g X- For 
monodromy T on ei..^^^\ one has 

det(l-xT|(.^('))'^'=®x) = det(l-a;T|(.^('))'"°('^'=o®x«)) = (Tdet(l-a;T|(.^('))'^'“o®xo) 
and hence 

exp 2711 ^y -I- = cr exp 2717 ^y -|- = exp 2717 • s ^y -I- Q;J“^ , 

exp 2717 ^y + ^ sxp ^y -I- = exp 2 ^ ' ^y + 

where s := £cyc{<^) G Z^ (Ccyc = the cyclotomic character). □ 


3.3. Monodromy on Let the notation and the assumption be as above. 

Let Xt denote the general fiber of f^''\ Put 

S':= pi \ {0,1,00}, S(') := 7r-i(S), := 

By (a), H^{Xt, Q) is equipped with an action of K which commutes with the action 
of 7ri(S(*\t). Let N : H^{Xt,Q) —^ H^{Xt,Q) be the log monodromy at t = 1. 
Put c; = [AT : Q]. The condition (b) and the fact = 0 implies 

Ker(iV) = Im(iV) ^ Q®9, Coker(iV) ^ Q®^ 

and hence 

Ker(Af) = lm.{N) ^ K, Coker(iV) ^ K (3.2) 
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as if-modules. By the theory of limiting MHS ([m, [ 20 ]), the limit at 

t = 1 is a mixed Tate Hodge structure such that 


= < 


Ker(iV) ^ Q®9 
Coker(iV) ^ Q(-l)®s 


0 

\ 


i = 0 
i = 2 

otherwise. 


(3.3) 


Lemma 3.2. Let A* C be the punctured neighborhood of t = 1. Then there 
are isomorphisms iJ^ (A^,./#(*)) = Q(—2)®®* as de Rham-Hodge structure and 
iJi(A*,.^W) ^ if[G(')] as KlG^^^-module. 


Proof. Let Ti be the local monodromy on at t = 1. Then there is a natural 
isomorphism 

^ Coker[Ti - 1 : 0 Q(-l)]. 


Now the assertion is immediate from (13.211 . (13.31) and the fact that the action of Ti 
on 7 r*Q is trivial. □ 


Lemma 3.3. The invariant part of H^{Xt,Q) by Tri{S^^\t) is zero. 

Proof. Let M = be the invariant part. By |5] (4.1.2), M is a 

sub-Hodge structure of pure weight 1. It defines a constant VHS, and hence the 
limiting MHS Xlum at t = 1 is of pure weight 1. Hence 

M = Min, C GtYhI,^{XuQ) = Ker(iV)/Im(A) 

and the last term vanishes by (123). Hence M = 0. □ 


Corollary 3.4. r{S, = 0 and = 0 where (—)* denotes the 

dual sheaf. 

Proof. Indeed = /^(S", 7 r*i?^/i*^Q) = P{S^^\ fi^'^Q) is the invariant 

part of H^{Xt,Q) by TTi{S^^\t). By the Hard Lefschetz theorem, = 

{R^f*'^Q)* and hence the latter also follows. □ 


Lemma 3.5. = 0 where j : S ^ is the open immersion. Hence 

E = T(P^, (see (I4.3p for the definition of E). 

Proof. Let i : P^ \ S' ^ P^ be the closed immersion. There is an exact sequence 

of constructible sheaves. This yields if^(P^, = H'^{F^, By the 

Verdier duality theorem 

H'2(P\j!.^W) =i?°(P\i?j*(.^W)*)* = T(S, (.^('))*)*. 

Now the assertion follows from Corollarv l3.4l □ 


Lemma 3.6. iJ^(AW,Q) = 0. 

Proof. By Lemma l3.3l one has r(S^^\ R^ = 0. Hence Q) = H^{S^^\Q). 

Since is a smooth rational curve, the weight of H^{U^^\Q) is 2. Hence the map 
^i(Xdl,Q) ^ must be zero. This means H^{X^’‘\Q) = 0. □ 
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Lemma 3.7. Lei Ev C Hi{Xt,Q) be the space of vanishing cycles att = 1, namely 
Ev = Ker(iV). Then <Q[TTi{S^’'\t)](Ev) = Hi{Xt,Q). Moreover for x ■ K ^ C, one 
/las C[7ri(5'(*\ <)](Ev^) =iLi(Xt,C)^, where we pwi Ev^ = Ker(iV) n C)^. 

Proof. The latter follows immediately from the former. We show the former. By 
Deligne’s semisimplicity theorem [9] (4.1.6), there is a complementary subspace 
V C Hi{Xt,Q) of Q[7ri(S'(*),i)](Ev) which is stable under the action of 
Note Im(A^) = Ker(iV) = Ev. Therefore the commutative diagram 

Hi{Xt)/Ey -^^ Ev 

U 

EC-E n Ev = 0 

yields E = 0. □ 

Lemma 3.8. iLi(Xt,C)^ = is an irreducible C[TTi{S^'‘\t)]-module. 

Proof. By (13.2|) . Ev^ is one-dimensional over C. Since 7V^ = 0, one sees that Ev^ 
is the unique one-dimensional subspace of Hi{Xt,C)^ which is stable under the 
action of N. Since C[7ri(S'^^\i)](Ev^) = Hi{Xt,C)^ by Lemma 1X71 there is no 
non-trivial C[7ri(S'*^*\ t)]-submodule. □ 

Lemma 3.9. Let F*iL*(Xi, C)^ = E* (~liL*(Xt, C)^ denote the x-po-ft of the Hodge 
filtration. Then dime F^H^{Xt,C)^ = 1. 

Proof. It is equivalent to say that the limiting Hodge filtration C Hl^^[Xt,<C) 
at t = 1 satisfies dime = 1. However, since iLilj^(Xt,C) is a MHS 

of type (0,0) and (1,1), one has 

FloHl,^{Xt,C) - Gr^EL(Xi,C) = iLiL(Xt,C)/Ker(iV) - Coker(iV). (3.4) 
By (13.21) . each eigenspace for the multiplication by K is one-dimensional. □ 

4. Main Theorems 
Let 

:= 7r*Q (g) = 7r*(i?^/i*^Q) 

be as in H3.2I Let j : \ {0,1, oo} ^ P^ be the open immersion. We then consider 

the cohomology groups 

^(0 .= iji(pi^j^^(0), M('^=iLi(pi\{0,l,oo},.^(')) (4.1) 

and 

E-.= 0 Ep, Ep:=(i?ij*.^W)p = Coker[Tp-l:.^W-^.^(')] (4.2) 

p=0,l,oo 

where Tp is the local monodromy at p. They carry de Rham-Hodge structures by 
the theory of Hodge modules of M. Saito ([15], [16]). They are also equipped with 
multiplication by K[G^^^]. Since iL^(P^, j*..#) = 0 (Lemma 13.51) . we have an exact 
sequence 

Hd) -^ m(') 


0 


E 


0 


(4.3) 
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of de Rham-Hodge structures. The de Rham-Hodge structure has a Hodge 
decomposition of type (0, 2) + (1,1) + (2,0) ([21]). It is auto-dual, namely there is 
an isomorphism 

(^(0)* ^ ^(0 g)Q(2) (4.4) 

which arises from the isomorphism 0 Q(2) of Hodge 

modules. However (14.4|) is not compatible with the action of K[G^^'>]. There is a 
unique involution K ^ K, a *a such that the pairing (, ) on 0 

satisfies {ax,y) = {x,*ay). Then the involution K[G^'''>] K[G^'''>], g = ^ acr M- 

*5 := induces a compatible action on (14.41) in the sense that the pairing 

(, ) on 0 satisfies {gx,y) = {x,*gy). In particular (14.41) induces 

where *x{<^) •= x(*Q^) for o S K. 

Since the paring on is compatible with the monodromy, one has 

= -a^ and j3^'^ = -I3f. 


4.1. Period formula. Let K[{G^'''>] Ki he a, projection and Ci the associated 
idempotent. Since = 0 iLemma 13.41) one has 

dimQCiM^'^ = -x(5, = -XtopC-S”) dimQ(ej./#^'^) = 2dimQRri. 

This means as iXi-module. It follows from Lemma that one has 

El = as Rr[G^^^]-module and hence eiEi = Ki. Hence 

dim/f. = 1 <(=^ CiEd = CiE^o = 0. 


The dimension of eiEo or CiEoo does depend on i. If none of eigenvalues of Tq and 
Too is 1, or equivalently none of rational numbers 




belongs to Z for all Sk0X ^ (cf- ^3.21) . then e^To = CiEoo = 0, and hence 
is a de Rham-Hodge structure with maximal multiplication by Ki. 


Our first theorem is on the periods of : 


Theorem 4.1 (Period formula). Let iL[G^^^] Ki be a projection and the 
associated idempotent as in (0 Suppose that none of rational numbers 


k Y k Y ^ rtY ^ 

j+ai, j+a,, -y+/ 3 i, -y 

belongs to Z for some Sk 0 X ^ h (and hence for all Sk 
Then the periods of CiH^^^ are given as follows. 

'k/l + af,k/l 


(4.5) 

X & li by Lemma \3.1\) . 


Period((e,H('))^'=®^) 27rir 


a: 


2 5 


kii-fjf^kii-ai 


We note that the auto-duality (|4.4I1 yields 

(27ri)^Period([eiiL^*^]^'“®^)“^ Period([eiiL^*^]®“'“® ^). (4.6) 

One can directly check it on noting and r(a;)r(l — x) = 

tt/ sin(7ra:). 


CM PERIODS, CM REGULATORS AND HYPERGEOMETRIC FUNCTIONS, II 


9 


Remark 4.2. J. Fresan and the first author recently verified the period conjecture 
of Gross-Deligne for the determinant of cohomology groups, and it includes our 
motive In particular, it is proven that the Hodge type Pe^^x given 

as follows. 


Psk^X — 1 + 







32^ 


where {a;} := x — [xj is the fractional part. 


4.2. Regulator formula. Our second main result is on the extension data of the 
exact sequence (ig . 

Again let —>■ Ki and e, satisfy the assumption in Theorem HU Recall 

from Lemma lBT^ that Ei is isomorphic to a direct sum of Q(—2) as a de Rham-Hodge 
structure. The exact sequence (14.31) gives rise to the connecting homomorphism 

P ■■ Ei{2) Ex4dRH(Q,3f«(2)), {V{j) := R0QO-)) (4.7) 

where ExtMdRH denotes the Yoneda extension group in the category of mixed de 
Rham-Hodge structures. For c/c (8> x € h, let S^^^x ■— = 0 or 

1. We define to be the composition of p and 

ExtMdRH(Q> ExtMdRH(Q) eii7(')(2)) (projection) 

^ Coker[e,i7lj^(2) ^ C F'^)] 

^ Coker[(e.i7® (2))"'=®^^ ^ C 
^ + Q • (2Ti)2period([e,F(')]"''®^)-i] 

^ + Q • Period([e,i7(')]"-'‘®‘>^] 

where the second isomorphism is given with respect to a Q-basis of = Q 

and the last isomorphism follows from gH). Obviously factors through 

eiEi(2) = eiF{2) or the Sk ® X-part [eiFi{2)Y>‘'^^ ^ Q. 


Theorem 4.3 (Regulator formula). Let the notation and the assumption be as in 
Theorem EH There is a complex number c = Cf^x € Q -f 27riQ + 
depending only on / : Y —> and x such that the following holds. Let Sk 

and X € eiF{2) = eiFi{2). Then ^{x) is a Q-linear combination of 


af -f k/l, off + k/l 
k/i - YY k/l - pif 


and 


Biaf + / 3 f,af + 3^2 


/ af; + Pf, af + P^, af + k/l 
\2op: + Pf+P'f,af + k/l + V 


Pf,af+P2 


In addition the coefficient of gH) is non-zero unless x = 0. 


a) 

(4.8) 

(4.9) 


There is an alternative description of the Sk ® X"Part of p. Let Filt^ be the 
category of finite dimensional Q-modules equipped with finite decreasing filtration. 
Let VbCq (resp. Vecc) be the category of finite dimensional Q-modules (resp. C- 
modules). Let MF = MFdR,_B := Vec^ Xvecc Filt^ whose objects consist of M = 
{MdR, Mb, F*, l) where Mb S Vec^ and (MdR,E*) £ Filt^ and c : C 0 MdR = 
C 0 Mb is a comparison isomorphism. This is not abelian but is an exact category 
in which all morphisms have kernel and cokernel. Therefore one can discuss the 
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Yoneda extension groups Ext^p(M',M) (see also [8] 1.1 for the derived category 
of MF). In a similar way to [7] one can show that there is a natural isomorphism 

Extl,p{q,M) ^ (C® MdR)/(F°MdR + 

where Q denotes the trivial one-dimensional object. There is an exact functor from 
the category of mixed de Rham-Hodge structures with multiplication by if to 
MF given by M >->■ This induces 

where the first Fxt is the Yoneda extension group in the category of mixed de 
Rham-Hodge structures with multiplication by if [G^^^]. The exact sequence dSl) 
gives rise to the connecting homomorphism i?i(2) ^ Fxt^(Q,ii), and then 
is the composition of this with the above. 

4.3. Motivic interpretation of the mixed Hodge structure The con¬ 

necting homomorphism gH) describes Beilinson’s regulator map on a motivic co¬ 
homology group. 

Put ii« := (/«)-i(0), := (/«)-i(oo), ii« := (1 < * < 0 

and := Dq^ + The exact sequence (14.311 

sits into the following commutative diagram 

0 0 (4.10) 

0-^ if(')-^ M(')-^ E -^ 0 

t n 

0-^ii2(Y«)/(!!('))--^if|,(,)(Y(')) 




where = (/^*^) ^(t) is the general fiber and (£>(*)) is the subgroup generated 
by the cycle classes of the irreducible components of 

Proposition 4.4. Put := -(- D^). Then the diagram 




■if^(YW,Q(2)) 




reg 


Fi( 2 ) 


top 


■ Fxtl 


MHSt 


,(if2(x(0)/(i^(0)(2))) 


is commutative up to sign. Moreover the map is surjective. 

Proof. See [i] 11.2 for the commutativity. We can see the surjectivity of regp,^^ in 
the following way. Let D°g C Dgs be the regular locus and put Z := Dgs \ D°s- 
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There is a commutative diagram 

0 - ^ — 


dlog 

Tr|,„^(XW\Z,Q(2)) 


- 

i/|(XW,Q(2)) 


HHDt,,qa)) 

with exact rows. As is easily shown, dlog is surjective onto H^{D°g,q{l)) n 
Hence so is reg^,^^ onto ,q{2)) n = £’i(2). □ 

5. Key Lemmas 

In this section we prove three lemmas which play key roles in the proof of The¬ 
orems 14.11 and 14.31 Let the notation be as in m We fix an arbitrary embedding 
X ■ K ^ q throughout this section, and simply write aj = aj and = Pj. 

5.1. Key Lemma 1. Let {Jif := be the connection on S' = \ 

{0,1, oo} with regular singularities at t = 0,1, oo. The number field K acts on 
(^,V). Let 

c (^,v) 

be the y-part, a connection of rank 2. The Hodge filtration is a subbundle 

of rank 1 iLemma 13.911 . 

Fix a relative 1-form to ^ 0 G r{S, C T(t7, which is defined 

over Q. Let N : Hi{Xt,q) —>■ iLi(W,Q) be the log monodromy at t = 1. The 
eigenvalues of the local monodromy on Hi{Xt,C)^ = at t = 0 (resp. t = oo) is 
written as {e27rjai^g2Tria2| (resp. 

Lemma 5.1. There exists a basis {( 5 t, 7 t} o/Q)^ such that 

iT,iSt),T,{xt)) = {Suit) (I J), (5.1) 

( „2Tria2 n \ 

^ j , (5.2) 

for some e G Q, e ^ 0. We have ai + a 2 + Pi + P 2 G'L and ai + Pj ^ Z for any i, 

j- 

Proof. Since Ti is a non-trivial unipotent monodromy on iJi(W, Q)^ by (13.2|) . there 
is a unique eigenvector St such that Ti(5t) = St- Let 7 * be any cycle which is linearly 
independent from St. Then Ti{xt) — lt= cSt for some c G Q^. By replacing St with 
c~^St, we obtain dSU. Secondly, if St is an eigenvector for Tq, then the subspace 
Q • (5t is stable under the action of 7 ri(S, t). This contradicts Lemma [3^ Therefore 
an eigenvector of Tq must be "ft + cSt for some c G . Replacing 74 with 74 — cSt^ 
we have for some £ G Q. Again by Lemmawe have e 7 ^ 0. Hence the first 
assertion is proved. Since Tt{TiTo) = Tr(r,j;;^) = -|- we have 

_g27riai _ g2TriQ2 _j_ ^-2niPi g-27ri/32 — ^ Q 
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On the other hand, since TocTiTq = /, we have 

g27riQ;i g27rza2 g27ri/3i g27rz/32 _ ^ 

These imply the second assertion. □ 


From now on, we assume that ai + a2 + /3i + /32 = 1- For (5t, 7t as above, we put 
/i(t) := f w, /2(t) := f uj, 

JSt J-ft 

which are multi-valued analytic functions on S. 


Lemma 5.2 (Key Lemma 1). Put 


1 - t 


F 2 {t) :=e^ 2 Fi 


Q^l + /?1) cil + /52 , 
1 -|- Cli — 0:2 


Then, there is a differential operator 9 = qo + qi-^ with qi{t) £ Q{t) and constants 
Xi £ C such that 

fi = Xq6Fi, /2 = Xi6Fi + A20F2- 

Moreover, A0A2 7^ 0. 


Proof. As is well-known, fi {t) are linearly independent solutions of the Fuchs equa¬ 
tion (=ordinary differential equation with regular singularities) arising from V) 

Therefore it is completely determined by the monodromy of fi and /2. Then as is 
well-known, its monodromy is isomorphic to that of Hi (Xt)^. By the above lemma, 
it is expressed by the Riemann scheme 


0 

II 

t = 1 

t = 00 


0 

Pi 

a2 

0 

P 2 


This coincides with that of the Gauss hypergeometric equation whose solutions 
are Fi and F 2 . The fundamental theorem of Fuchs equations (Riemann-Hilbert 
correspondence) yields the existence of a differential operator 6 = qo{t) -I- qi{t)d/dt 
{3qi{t) £ C(t)) such that 

{fij2)c = {dFi,eF2)c. 

Here 9 gives an equivalence of the Fuchs equation of fi and that of Fi. Since both 
equations are defined over Q, qi{t) are defined over Q. Finally, /i is characterized 
as an eigenfunction for Ti and so is Fi. Therefore (/i)c = {&Fi)c. Since {/i,/2} 
are linearly independent, A0A2 7^ 0 follows. □ 


5.2. Key Lemma 2. 

Lemma 5.3 (Key Lemma 2). Let the notation he as in Lemma \5.2\ (Key Lemma 
1 ). Then Aq £ 27riQ^ . 

Proof. Let Si^t £ Hi(Xt,Q) nKer(A^) (1 < * < g) be a basis. Then fi(t) is a linear 
combination of 

gi(t) = uj 

JSi,t 

over Q. Let Jt be the Albanese variety of Xt. Since Jt degenerates totally at t = 1, 
there is an algebraic uniformization 

u : (Gm,r-)® = SpecQ[e]/(e’')[Mj,M“^]i<i<g —7 Jt, e := t - 1 
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for r > 1. Thinking w of a l-form on Jt, let 

duj 


*(w) = —, h,(t) e Q((t - 1)). 


Then 


m it) = i*) f — = 2 m nj hj (t) 

j=l ■’Si,t 


ra ■■= 


i=i 

Therefore we have 


1 f duj 
2m JSi t Uj 


XoOFi{t) = fi{t) = Y^’'9iit) G 2mQ{{t - 1)), 3ci 


i=l 


Since 0 is a differential operator with coefficients in Q and Fi has a Taylor expansion 
at t = 1 with coefficients in Q, the assertion follows. □ 


5.3. Key Lemma 3. 

Lemma 5.4 (Key Lemma 3). Let the notation be as in Lemma \5.2\ (Key Lemma 
1). Then 

A2 =-^S(ai+/ 3 i,ai+,82), AieQ + 27 riQ+ Y Qlog(a)- 

Key lemma 3 is proven by looking at the asymptotic behavior of /2 at t = 1. 
To do this, we first prepare the following lemma, which is proven by the theory of 
limiting mixed Hodge structures due to Schmid m and a theorem of Hoffman [12] . 

Lemma 5.5. Put 

I 2 ■■= /2 - ^l0g(l -t)/i. 

Then we have 

(i) /i and /2 are meromorphic at t = 1. 

(ii) ordt=i(/i) £ ordt=i(^). 

(hi) limt^i 27rj/2(t)//i(f) S 27riQ + Qlog(a). 

Proof. Let G H^{Xt,C)^ be the dual basis. Then 

w = s; + (^1^ 7; = Am + f 2 im G H^XuCA- 

Note that N{S() = and NAff) = 0. The nilpotent orbit theorem of Schmid [T^ 
yields that the subspace spanned by 

exp log(l - t)iv) w = him + hm G 

converges in the flag manifold as t ^ 1. Since /i = Aq^T'i is meromorphic at t = 1, 
so is /2(t). This proves (i). 

Let fci := ordt=i(/i) and ^2 := ordt=i(/2). Suppose fci > k 2 . Then the limiting 
Hodge filtration is spanned by 

(lim fm/m) s:+ j:= ht g h^x^, cy. 
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Namely = Ker(7V). This is impossible by (I3.4p . Hence we have ki < fc2, 
finishing the proof of (ii). 

Finally we show (iii). Since ki < fc2, the limiting Hodge filtration is spanned by 

5 ; + (im72(t)//i(t))7r e 

The main theorem of m yields that the extension data of 

0 ^ Q(l)®s ^ ^ Q®9 ^ 0 


are log(Q^). Therefore limt^i 27ri/2(t)//i(t) is a linear combination of log(Q^) 
over Q, as desired. □ 


Proof of Key Lemma 3. By Lemma 15.11 we have fV/2 = /i. By Lemma 15.21 (Key 
lemma 1), X20{NF2) = Ao^F"! and hence A2fVF2 = AoKi. The asymptotic behaviour 
of Gauss’ hypergeometric function is given as follows (see [TU] 2.3.1, p.74): 

2^1 (a + F^) = ( 5 - 3 ) 

^ '' n —0 

where 

kn := 2^(n + 1) — V'(« + n) — tpib + n), '4’iz) := r'(z)/r(z). 

In particular, we have 

liniiVF2 = —2TTi/B{a,b) 

with a = «! + /3i, 6 = «! + /32. Comparing with Fi(l) = 1, we obtain the first 
assertion. Next, by (lOD . there are analytic functions hi at t = 1 such that 

9 F 2 = B{a, b)~^{hi + h 2 log(l - t)). 

By Lemma [53] (i) and (ii), 


h 

h 


Ai A 2 OF 2 1 1 M i.\ 

y + vwi-SI 

Ai 1 / hi f /12 \ 


is holomorphic at t = 1. Since 6Fi is meromorphic at t = 1, we have h2/0Fi = — 1. 
Therefore, 

,. /2 Ai 1 hi 

lim — = -: hm -—. 

t—ii fi Aq 27ri t—ii 9Fi 

Since 9 = qq + qid/dt with qi G Q{t), 9Fi has Laurent coefficients in Q. By (15.3|) . 
the first Laurent coefficient of hi is in koQ + kiQ. By a theorem of Gauss (cf. [10] 
1.7.3, p.18-19), kn is a linear combination of Q and log(Q^). Therefore, we obtain 
the second assertion from Lemma 15.31 and Lemma 15.51 (iii). □ 
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6. Proof of the Period Formula 
Let the notation be as in ij3l Put := (/(*))“^(oo) and := \ = 


(/(0)-i(pi\{oo}): 


U 


fW 


(0 




■ 

-^OO 


f(0 


\ {oo}-^ -{cx)} 

Let K[G^''^] Ki he a, projection and et G K[G^'''>] the corresponding idempotent 
which satisfy the assumption in Theorem 14.11 We fix an embedding % : iL ^ Q 
and an integer 0 < k < I prime to I such that Sk ® X ^ i-®- the homomorphism 

Ek ® X '■ —>■ Q factors through Ki (see (jd.ip for the definition of It). We 

then write aj = aj and Pj = Pj simply. 

6.1. Put := Ker[iL^(W(^^) ^ where is the general fiber, 

and and similarly. Recall the commutative diagram (I4.10p . It 

induces 






E- 


0—^iL2(x«)o/(i:>W) 




( 6 . 1 ) 


E- 


0-^ iL2(x('))o/(L>W)-^ iL2(;7^'\/(i:>«)-^ E, 


Note that all terms are equipped with multiplication by Put 


0 . 


:=Ker 




where F runs over all fibral divisors in (i.e. f^’‘^{F) is a point). Then we claim 
that 

i7"(C7^'Vb ^ (6.2) 

is injective. Indeed, the kernel of the composition 

(£)(')) —^ ij2(x(')) — >Y[h^{F) 


is one-dimesional, generated by the cycle class of general fiber (Zariski’s lemma, 

[5] I, (2.10)), and it dies in as ^ X^'‘\ Since CiEoc = 0, we have an 

injective map 


(6.3) 
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6.2. Rational 2-forms Qk- Recall from Lemma l5.2l the l-forma; G C 

r{S, and the differential operator 9 = qo{t) + qi{t)d/dt. Let be the 

pull-back of Cl) by t —>■ tK Take q{t) 7^ 0 G Q[t] such that Po(^) ■= Q{t)Qo{t) and 
Pi{t) := q{t)qi{t) are polynomials and (t — 1) | Pi{t). We then consider the rational 
2 -form 

= ^k,qit) ■= t^~^q{t’')dt A cj^'^ (6.4) 

Replacing q{t) with t“(l — t)^q{t) for some a, 6 ^ 0 if necessary, we may assume 
that 

flfc Gr(C7^'\L!^(o). 

This defines a de Rham cohomology class G /Q) for any j > 0. 

Obviously [F^k] G and T[PQk] = Cf’’"'’ In particular 

G = Q (6.5) 

for any m > 0 where the inclusion comes from (16.31) . 

6.3. Homology cycle A. Put £>q^ := (/^ 6 )-i( 0 ). Let St G IIi(Xt,Q)^ be the 

vanishing cycle in Lemma 15.11 By sweeping St over the segment 0 < t < 1 we 
obtain a Lefschetz thimble A G Dq^ ; Q). It may have a nonzero boundary 

dA G Hi{Dq\q). Let Aq C be the punctured neighborhood of t = 0, and 
put Aq := 7 r“^(AQ). By the local invariant cycle theorem, there is a canonical 
isomorphism 

Since k/l+a^ ^ Z by the assumption in Theorem l4.ll this yields Hi{Dq^ , = 

0. By the exact sequence 

^ H2(U^^\ = 0 

the component lifts up to a homology cycle in H 2 {U^’^\qY*‘®^, which we 

write by the same notation A^'=®^. 

6.4. Computing the period of iL^). We shall compute the period of 

We first note that, since belongs to the Sk 0 ypart, 

f t'-Ofc = [ ( 6 . 6 ) 

Ja JA'^k’Sx 

If one shows the non-vanishing of the integral for some to > 0, then we have the 
non-vanishing 7 ^ 0 of the cohomology class, and hence it gives a basis of 

the £k 0 y-part of Then the period is given by 

Period([iL( 6 ]'^)=®x) J 


(6.7) 
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Let us compute the integral (j 6 . 6 |) . 

Ja Ja 


3 Jst 


(jJ 


(0 




Aq 

I 


{pQ{t)Fi{t) ^dt (Lemma l5.2p 


/o 


=■ 

■ I 

Proposition 6 . 1 . Let po{t) = J^i^it^and pi{t) = Put q := k/l and 

(cm + q)nia 2 + q)r 


Cln ■ — 


n > 0, 


(1 ~ /3l + <?)n(l — 1^2 + q)r 
Cm ■= Fj “ '^^+1 {d + 'm + i))am+i, m > 1 


( 6 . 8 ) 

(6.9) 


i>-l 

where d_i := 0. Then we have 


Im =CmrT 


ai + q,a 2 + q 
^1- Pi + q,l- l32 + qj ' 

Moreover, for infinitely many m > 1, we have Cm 7 ^ 0 and hence 7 ^ 0. 

Proof. Firstly, recall that 
/•i 


2^1 


^{l—tY ° ^dt = T 
d 


c,e — c 
e 


3 P 2 


d, e 


( 6 . 10 ) 


Using this, we have 

f Fi{t)t‘>+^-^ dt 
Jo 

= 2 F 1 ^ (1 - t)“^+^+"-i dt 


= r 

= r 

= r 

= r 


ai + q + n 

Qfi + g + n + 1 
Qfi + g + n 

Qfi + g + n + 1 


3 P 2 
2 Pi 


Oil + /3i7 CO + /3271 ^ 
1, ai + g + n + 1 
ai + fi,ai + P 2 
Qfi + g + n + 1 


ai+g + n,Q;2 + g + 7i 
^ 1 - , 5 i + g + n, 1 - ,82 + g + n, 
ai + g, 02 + g 
f-Pi+q,l-P2 + qy 
where we used Euler’s formula and oi + 02 + /?i + /32 = 1- Hence we have 


[\o{t)Fi{t)t‘>+^-^dt = r 
Jo 


oi + g, 02 + g 
1 - / 3 i + g, 1 - /32 + g 




^ 2 +m • 
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Secondly, recall that 


Using this, we have 

=aiFi(t)t~^ 




a 1, 6 “t" 1 
c +1 ’ 


t . 


— (ai + /3i)(ai + P2)2Fi 


cti + /3i + 1, cii + /32 + 1 


1 -1 U“u 


The integral for the first term is already computed. For the second term, we have 
similarly as above 


2 F 1 


ai +/3i + IjQfi +/32 + 1 




^ai+q+n—l 


1 


ai + q + n 


3 F 2 


Q!l + /3l + 1, Oi + /32 + 1,1 

0.1 -\- q -\- TL -\- 


1 . 


Applying Lemma 17.71 with 9 = 0, we have 

(oi +/3 i)(q;i +/32) „ /«! +/3i + l,ai +/32 + 1,1 


oi + q + n 

1 


Oi q n 1, 2 
Oi+ q + n +1, 02 + q + n—1 


= T 


Oi+q + n V —l3i+q + n,P 2 + q + n 
Oi + q,a 2 + q 
1 - I3i + q,l - 132 + q 

Combining these and using pi(l) = we obtain 

/•i 


- 1 

{oi +q + n- l)a„_i - 1. 




= r 


= -r 


Oi + q ,02 + q 
1 - /3i + 9 ,1 - /32 + 9 


ai + 9 , 02 + 9 
1 - Pi + q,l - (32 + q 


) X! d'iioiat+m-i -{oi+ q + i + rn - l)ai+m-i) 

' i 

) X] + i + rn- l)at+m-i- 

' i 


Hence we obtain the first assertion. The second assertion follows from the lemma 
below. □ 


Lemma 6.2. Let {a„}„>o he as above. Let {x„}((^^i, {yn}h=i he sequences of finite 
length such that a;„ 0 for some n and j/n 7 ^ 0 for some n. Then. 

r 

y^fXnan+m + 2/n(n + m)an+m) 

n—1 

is non-trivial for infinitely many m > 0 . 

Proof. Put 

Cz = (ui+1, . . ■ , Ui+r I)u2+l5...,(f“t" r )u2-|_7.) 
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It suffices to show that Cm+i, • ■ •, em+ 2 T- are linearly independent. Put a = ai + q, 
b = a 2 + q, c = 1 — Pi + q, d = 1 — P 2 + q- Since {a)i+j = {a)i{a + i)j, we have for 


_ {a)i{b)i {a + i)j{b + i)j 
{c)i{d)i {c + i)j{d + i)j 

_ ia)i{b)i (g + i)j{b + i)j{c + i + j)r-j{d + i + j)r-j 
{c)i{d)i {c + i)rid + i)r 

So we have the determinant 


^m+l 


^m+2r 


m+ 2 r 

n 




_ {a)i{b)i _ 

i (^d^ i (^C “t“ 'l^j‘{d 'Cjj- 


fm+l 

fm+2r 


where we put 

fi — (^Z,l; ■ - ■ ; b-l j-^ (i “t” • ■ • , “t“ 7 -) 

with 


bij = (g + i)j{b + i)j{c + i + j)r-j{d + i + j)r-j- 

For each j = 1,..., r, 


Pj (t) :— (g + t)j(5 + t)j(c + t + j)r—j{d 1 j^r—j 

is a polynomial of degree 2 r such that Pj(i) = bij. Suppose that the above deter¬ 
minant is 0. Then, there exist c^, dj which are not all 0 such that the polynomial 
J2]=ii^j + djt)Pj{t) vanishes at t = m -I- 1,..., m -I- 2r. Since every Pj{t) is divis¬ 
ible by (g + t){b + t) which does not vanish at integers, we have a polynomial of 
degree 2r — 1 with 2r distinct roots. Hence we have X]j=i (cj + djt)Pj (t) = 0. Since 
Pi{t ),..., Pr-i{t) are divisible by (c-|-t-|-r —l)(d-|-t-|-r —1), so is {cr + drt)Pr{t). On 
the other hand, by Lemma ISTTl Pr{t) is not divisible by (c-|-t-|-r — l)((i-|-t-|-r — 1), 
hence Cr = dr = 0. Proceeding similarly, we obtain Cj = dj = 0 for all j, which is a 
contradiction. □ 


We finish the proof of Theorem 14.11 The constant Cm is an nonzero algebraic 
number for infinitely many m’s. Then (lOl) holds so that we have 


Period([iJ«]^''®>^) Xolm Ao • P 


ai + q,a 2 + q 
- Pi+q,l- P 2 + q 


Since Aq S 27riQ by Lemma 15731 we are done. 


Remark 6.3. Since ai -I- a 2 + /?! + /32 G Z, we can also write 

Period([iL^')]^'“®^) ~qX B{ai +q,Pi- q)B{a 2 + q, P 2 - q)- 
The above proof also shows that the map (16.51) is bijective. Hence 

Corollary 6.4. 
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7. Proof of the Regulator Formula 

In this section we prove Theoreni l4.3l We fix a projection Ki and the 

idempotent Ci which satisfy the assumption of Theorem 14.11 i.e. none of (I4.5|) is an 
integer. Recall the following notations: 

:= (/('^)-'(oo), 74® := (/®)-'(a), (1 < * < 0 
74® ^ 74,®, 74« := 74® + 74« + 74«, D® := 74® + 74('), 

U® := X(') \74W, \74('). 

7.1. Cycle F. Let 'yq^t & 77i(W,Q) be a homology cycle which does not vanish at 
t = 1. We then define a cycle 

re 772(I7®,74® +74®;Q) 

to be the Lefschetz thimble obtained by sweeping over the segment 0 < t < 1. 
Since k/l + ocj ^ Z by the assumption of Theorem 14.11 one has ei77i(74o,Q) = 0 
(cf. H6.3I) . Hence we obtain a cycle 

e.r e 772(17®, 74«;Q), 74« := ^ 74,® 

i^l 

with nontrivial boundary: 

a(ej) = e,7Q.i ^ 0 € e,77i(74®,Q) ^ K ,. 

7.2. Proof of Theorem 14.31 : Step 1. We want to compute the extension data 
of (j4.3l) . The auto-duality ()4.4() for 77 ^^ together with the Verdier duality yields a 
commutative diagram 

0-^ 77(b(2)-^ ^ 71(2)-^ 0 


0-^ (77W)*-^ ( 77 i(pi, jiM®))*-^ -^0 


0-^ 772(xW)/iJ2(i:)W)-^ 772 (wW, ^ 77i( 74 (b)-^ q 


0-- 772(t/®)/772(74®)-- 772(77®,74®)-- 77^(74®) 

with exact rows where j : \ {0,1, 00 } ^ P^ and i : {0,1, 00 } ^ P^. It follows 

from Corollary 16.41 that the exact sequence 


0-- e.772(t/®)/772(74®)-- e.772(t/®, 74®)-- e,77i(74®)-- 0 


[e,772(77^\Q)fib]* 


e,77i(74®) 


(7.1) 
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is isomorphic to the ei-part of (j4.3|) . 

Let us discuss (17.11) . Since eiH^{Ds 
is an isomorphism 


is a Hodge structure of type (0, 0), there 


For w G we write 

01(^0)^^(0) := n-i(w) G e.F^Hl^{U^'\Df,). 

The following is well-known to specialists and indeed it can be proven immediately 
from the definition (the detail is left to the reader). 

Proposition 7.1. Let 

be the connecting homomorphism arising from ()7.1I) . Let F^; G eiH 2 (U^'^\ 
be a lifting of x G eiF{i{Dss ,<Q). Then, under the canonical isomorphism 

Ex4dRH(Q,e,i72(C7^'^)fib) = Coker [e,H 2 (U^'\Q) ^ Hom(e.pii7d\('^^'^)fib,C) 
we have 


p{x) = 


LU 




Let us see p{x) more explicitly. We first note that one can choose a lifting Fa; by 
applying an element ax G on the cycle F constructed in EH 

Fx = ctxT. 

Let oj be a de Rham cohomology class defined over Q. Then is a class 


defined over Q as well. Let w G satisfy [w] = uj in H^^{U 

Then since dVx G Hi{Dss,Q) we have 

f j w-l-c, 3c&lm{Hl^{Dss/Q)® Hi{Dss,Q)) = Q (7-2) 

(cf. [2] §3.3). Recall the rational 2-forms t^'^Llk from the proof of period formula 

in S|ni It gives a basis of the £k 0 X-P^rt of eiiL|j^(17^^^)fib- Now let ui = t^^flk- We 
then have 

j J t’-"^Llk + c= {ek0x){(^x) ■ J t'-""Llk + c. 

Finally let us recall the connecting homomorphism p (14.71) which arises from (14.31) . 
Since £-k0 *X"Part of (1431) corresponds to (8) X“P&rt of ED, we have 

Summing these up, we obtain the following. 

Proposition 7.2. Let £k 0 X ^ Then for x G eiE{2) there is a constant c G Q 
such that 


77(0 


Note (cfc 0 x){c‘x) G Q unless a; = 0. 


(7.3) 
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Remark 7.3. The constant “c” in (17.31) depends on the choice of the lifting 
u! = (recall from Proposition 16.11 that can be a basis for infinitely 

many m’s). However if one chooses w to be a certain lifting arising from Deligne’s 
canonical extension, then it is proven that c = 0 ([3] Appendix). 

7.3. Proof of Theorem 14.31 : Step 2 : Contiguous relations of 3 F 2 . 


Lemma 7.4. //c+l>a + 6 and q > 0, we have 


3F2 


a,b,q 


; 1 = gr 


c, c+l — a — 5 
c+1 — a, c+1 — 5 


^c, g + 1 

Proof. Apply [6] Ch. Ill, 3.2 (1), p.l4. 
Lemma 7.5 (3-term relations). Let 

"l,c,g 


3^2 


— a — 6, c — g 
c + 1 — a,c+ 1 — b ’ 


□ 


F^x) := 3F2 


;a; , Faix) := 3F2 


l,c,g 


;x 


Then we have 


{a — q — 1)(6 — g — l)F'^{x) + q{a + b —3 — 2q — {c — q — l)x)F'^'^^ {x) 

+ g(l + g)(l - x)F'^+'^{x) = (a - 1)(6 - 1 ), 

and 


(a — 2)(a — 1)(1 — x)Fa- 2 {x) -|- (a — l)((2a — c — q — 3)x — a + b+ l)Fa-i{x) 

— {a — q — l)(a — c — l)xFa{x) = {a — 1)(6 — 1). 

In particular, if a + b>c + q + 2, we have 
(a-q- l){b - g - l)i^«(l) + g(a + 6 - c - 2 - g)F«+i(l) = (a - l){b - 1), 

(a - l)(a -I- 6 - c - g - 2)Fa_i(l) - {a - q - l)(a - c - l)A’a(l) = (a - l)(b - 1). 

Proof. Let D = x^ be the Euler differential operator. Then F‘^{x) is a solution of 
the differential operator 

D{D+a-l){DFb-l)-x{D+l){D+c){D+q) = D[{D+a-l){DFb-l)-x{D+c){D+q)\. 

On the other hand, one can directly shows {D -\- q)F^{x) = qF‘^^^{x). Therefore if 
we write 

{D+a—l){D+b-l)—x{D+c){DFq) = ai[x){D+q-\-l){D+q)-\-a 2 [x){D+q)-\-a 3 {x) 
then we have 

D{ai{x)q{q + 1)^"?+^ -|- a 2 (x)gF'J+^(x) -b a 3 {x)F'^{x)) = 0 


ai{x)q{q + 1)F‘^^'^ + a 2 {x)qF'^'^^ (x) + a 3 {x)F^{x) = constant. 

We thus obtain the 3-term relation for F^ (details are left to the reader). Noting 
[D + a— l)E'a(a^) = («“ l)A'a_i(a:), the 3-term relation for Fa is proven in the same 
way. □ 


Lemmas 17.41 and 17.51 immediately imply 
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Corollary 7.6. For c + 1 > a + b, put 


j^a,b,q , _ 


:= r 


1 . 


c+l-a, c+l- 6 \ f a,b,q 
c,c+l — a — b ) ^ ^\^c,g +1 

Then for any nationals a' = a, b' = b, c' = c and q' = q mod Z, there are nationals 
k, k', k" such that 

+ k’Ffr^'''^' + k” = 0 . 

We shall apply Corollary 17.61 to the case a' = a, b' = b, c' = c and q' = q + 1. 
For the later use we write it down explicitly. 

Lemma 7.7. For any a, 6 , c £ R with c + 1 > a + b, put 

a,b,q 


F{<l) ■= 3 F 2 


c, g + 1 ’ 


. 


Then, we have 

{q + l-a){q + l-b) 

g + 1 


F(g+l)-(g+l-c)i^(g)=r 


c, c +1 — a — 6 
c — a.c — b 


7.4. Proof of Theorem 14.31 : Step 3. We finish the proof of Theorem 14.31 By 
Proposition 17.21 it is enough to show that the integral 


J 

in m is a Q-linear combination of the terms (14.81) and (14.91) . and that the coeffi¬ 
cient of (j4.9l) is nonzero. Put as in Lemma [521 


Fi{t)=r^2Fi 


ai +/3i,ai -1-/32, 
1 


, F2{t)=t^\Fi 


0^1 + /3i, oi + /32,, 

2ai Pi /32 


t . 


Similarly as in the proof in 1 16.41 we have 

nl 




(fOl 


/o 


t^m+k-iq{ti-)dt f 

7i 

tm+k/l-l^^t)f2{t)dt 


1 /*! _ 

_ / X2OF2 ) dt (Lemma 15■2p 

^ Jo 

= y/m + y f t ^+'^/^-\ po { t ) F 2 { t ) + Pi { t ) F ^{ t )) dt . (7.4) 


The integral Im is computed in Proposition l 6 .ll Let us compute the second integral 
in (1771) : 

Jm -= f {po{t)F2{t) + PiiOF^it)) dt 

Jo 

= f {t^+^^^-^poit)-it^+^^^-^piit)y)F2it)dt, 

Jo 

where the second equality follows from (t— 1) |pi (t) as is assumed. Let po {t) = ^ diF 
and pi{t) = d[T. We fix a sufficiently large integer m such that Cm 7 ^ 0 which 
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is defined in PropQsition l6.ll Put 

Jo Jo \ 2o;i + Pi + P2 / 

Then Jm is a linear combination of KnS: 

^ [d^ - (m + k/l + i)d[^i)Km+i, {d-i := 0). (7.5) 


i>-l 


Lemma 7.8. Put a := ai + (3i, 6 := ai + P 2 o.'nd q = k/l. Then we have 

a,b,q + ai + n 


'' ^ ^Fo 


a + b, q + ai + n + T 


Kn — {q + 0 - 1 + n) ■ 3^2 
Proof. Straightforward from (I6.10I1 . 

Lemmas 17.71 and 17.81 yield that there are PmP'n G Q such that 

B(a.i)K„ = p,.B(a,l,hF, l) +K 

Using a 2 = 1 — (cti + /3i + / 32 ), the rational number pn is given by 

{q + ai+ k){q + a 2 + k - 1) 


Pn = {q + ai+n) ^ P[ 


= {q + Oii) 


-1 


=1 (9 - /3i + k)(,q - 132 + k) 

{q + ai)n{q + Q! 2 )„ 


(9 ~ / 3 l + l)n (9 ~ 1^2 + l)n 

We thus have Pn = {q + Q!i)“^a„ where a„ is the constant in (16.8p . Hence 


□ 


(7.6) 


B{a,b)Jm = {q +ai) M ^ (d^ - (to + 

\*>-i 

nt h\ JB ( a^b,a\+q , // 


= CmB{a,b)3F2 


a, b,ai+q 
a P b, Oil P q P P 


■a]+p: 


for some p'/^ € Q where Cm is the constant in (16.91) . Since A 2 ^ 0 £ Q ■ B{a,b) by 
Key Lemma 3 ('Lemma 15.4|) . we have 


f pniQ _ T I ^2. T 
I ^ ^ ~F ^ 

= y/m + y (Cm • 3 F 2 


a,6,ai -\-q 

a + 6, Oil -\- q V 


_ -^1 r , , T 3 I i.\ j? ( a,b,ai + q \ 

- -Im + Cl + C 2 i?(a, b) sF 2 ^ ^ ^ ^ 1 j 


for some ci G Q and C 2 G Q^. The third term appears as gH). Again, by Key 
Lemma 3 ('Lemma 15.411 and Proposition 16.11 the first term Xilm/l appears as the 
second term in (j4.8L So we are done. 
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